Abstract The main aim of this paper is to derive a solution to the capacity problem faced by many perinatal networks in the United Kingdom. We propose a queueing model to determine the number of cots at all care units for any desired overflow and rejection probability in a neonatal unit. The model formulation is developed, being motivated by overflow models in telecommunication systems. Exact expressions for the overflow and rejection probabilities are derived. The model is then applied to a neonatal unit of a perinatal network in the UK.
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In the UK, care for vulnerable babies is organised in a regional setting. Neonatal units are part of a neonatal/perinatal network; where a perinatal network consists of several units and aims to care for all sick newborns in that region. Infants of low gestational age (< 27 weeks) or very low birth weight (< 1000 gms) or requiring neonatal surgery have to be admitted to the neonatal intensive care unit of the perinatal centre within that region. A perinatal centre is a neonatal unit, which provides all levels of care: intensive care (ICU), high dependency (HDU) and special care (SCU). It is also known as the lead centre or the tertiary referral centre of a perinatal network and plays a vital role by providing the highest level of care for the most vulnerable babies. A perinatal centre has also some transitional care cots which may be used to handle overflow from special care depending upon demand and circumstances. Babies admitted at ICU are normally moved to HDU depending upon improvement and then to SCU from where they are allowed to go home or to a normal ward. But since cots in all three levels are scarce and in high demand, babies admitted from outside the network are often discharged from ICU and HDU and transferred back to the unit where they come from. Therefore, discharge from any unit is possible. An important characteristic of the neonatal unit is that it does not allow queues to form when all cots are occupied. In such cases, a baby is transferred to another neonatal unit. These transfers may adversely impact the health status of the baby due to extended transportation time and lack of immediate care. All these factors add to the challenge of planning and managing capacity of a neonatal unit.
Queueing theory and simulation are among the most popular and suitable healthcare modelling techniques when the system considered is heavily stochastic. Patient flow was analysed across the hospital by Koizumi et al (2005) , Chaussalet et al (2006) and Jiang and Giachetti (2008) using queueing networks, and by Ferreira et al (2008) using simulation. Focussing on intensive care units, Ridge et al (1998) and Kim et al (1999) used simulation for bed capacity planning, while Griffiths et al (2006) proposed a queuing model for a similar problem. Simulation models often appeal because of their versatility and the user-friendly graphical interface of specialist simulation software, but may have drawbacks such as difficulties with interpretation of the results and validation, and high resource requirements (runtime, software cost, etc.). Queueing models are transparent mathematical models, but may require restrictive and sometime unrealistic assumptions to be solved analytically. When closed form solutions can be derived, queueing models can be easily implemented in a spreadsheet environment to obtain immediate estimates of quantities such as the number of beds required for given levels of service and immediate answers to 'what if' scenarios.
Among recent studies Kortbeek and van Dijk (2007) proposed an M/M/c/0 loss model for capacity management in an Operating Theatre-Intensive Care Unit (OT-ICU) and Litvak et al (2008) developed an overflow model for capacity planning in intensive care. However, these models cannot be applied to this study for various reasons. The model proposed by Kortbeek and van Dijk (2007) cannot capture the overflow to transitional care as it happens in the neonatal case. The model by Litvak et al (2008) considered three classes of patients from where only a single class can be overflowed. Moreover, both papers used an approximation rather than an exact method to estimate the rejection probability. Asaduzzaman and Chaussalet (2008) proposed a loss network framework to capture the patient flow in a neonatal unit but they did not consider the overflow issue and the role of transitional care.
The main aim of this paper is to develop a model which can assist planners at perinatal centres in the UK with determining how many cots are required at all units of care to achieve desired levels of service in terms of probability of admission refusal and overflow to temporary care. The model is developed for the neonatal unit at University College London Hospital (UCLH), the perinatal centre of the North Central London Perinatal Network 3 (NCLPN) and one of the busiest perinatal centres across the country. The proposed model is an overflow loss network model inspired from telecommunications systems (e.g., Kelly, 1991; van Dijk, 1993) . Call blocking is a key performance measure in telecommunication networks (Abdalla and Boucherie, 2002) . Systems in telecommunication with overflow traffic have also been widely used (Głabowski et al, 2008 ). Boucherie and Mandjes (1998) derived a closed form solution of the equilibrium distribution to measure performance of cellular mobile communications networks. Sendfeld (2008) developed an open queueing network consisting of two queues and having some overflow capability from the first to the second queue. Our proposed model is based on the blocking and overflow mechanism as occur in telecommunication networks. The probability that a baby will overflow from the main unit to temporary care and the probability that a baby will be rejected from any unit have been derived by an exact rather than an approximation method.
The paper is organised as follows. In the next section we describe the structure of a perinatal centre and the flow of babies through its units. Data and preliminary results are described in section 3. Section 4 provides a loss network model with overflow, analysis of the model and the method for estimating the overflow and rejection probabilities. Section 5 provides the results obtained for the UCLH perinatal centre. Conclusions and further research direction are given in section 6. Most babies in a perinatal centre are admitted from the region served by the network. However, a substantial number of requests for admission come from outside the network. After delivery, babies are admitted to ICU, HDU, or SCU according to the severity of their condition, which is usually driven by their gestational age and birth weight. As their condition improves, babies will eventually be transferred to a unit providing a lower level of care (i.e. from ICU to HDU or HDU to SCU) within the perinatal centre or in another neonatal unit from where they are discharged. Similarly those admitted to HDU move to SCU before discharge. A perinatal centre has transitional care (TC) cots, which are used to provide temporary special care until an SCU cot becomes available. ICU (respectively HDU) babies are sometimes initially cared at HDU (respectively SCU) when all ICU (respectively 4 HDU) cots are occupied. This temporary care is provided by staffing a cot with appropriate staff and equipment resources. This only occurs when babies must be admitted because they are booked at the same hospital or severely ill. Rejection from ICU (respectively HDU and SCU) occurs only when all cots at the ICU (respectively HDU and SCU) and HDU (respectively SCU and TC) are occupied. Figure 1 schematically depicts patient flows for the three main units of a perinatal centre. Flow 1, 2 and 3 corresponds to requests for admission to ICU, HDU and SCU respectively.
Case study: the UCLH perinatal centre
At UCLH, perinatal centre of the NCLPN, intensive and high dependency care units have been merged for the purpose of better utilisation of cots. Therefore, UCLH has two units: neonatal intensive care unit (NICU) and special care baby unit (SCBU). In 2006, it had 12 NICU funded cots, 15 SCBU funded cots, and 8 TC cots. The data used for this study concern the UCLH perinatal centre and were collected through the South England Neonatal Database (SEND) and the NCLPN Transfer Audit between 1 January and 31 December 2006. Agreement from the Caldicott Guardian was obtained and the data were anonymised. The SEND data provide comprehensive and accurate information about each baby's stay in NICU and SCBU, including dates and times of arrival and discharge, source and reason of admission, birth weight and gestational age, while the NCLPN transfer audit data include daily counts of all requests for admission. In 2006, 1002 babies were admitted (possibly more than once) to the neonatal unit at UCLH; 31% percent were admitted to NICU and the remaining to SCBU. Of the NICU admissions 18.7% had gestational age < 27 weeks. The 2 ). These assumptions make the model more tractable and are generally supported by the data, in particular for SCBU LoS and NICU arrivals, which have similar mean and standard deviations (see Table 1 ). Although for NICU LoS there are visible differences between mean and standard deviation, it should be noticed that in loss network models if the arrival process is Markovian the loss probability is insensitive to service time (LoS) distribution (e.g., Kelly, 1979; Davis et al, 1995; Erhardsson, 2001 ). 2. There is no waiting facility at any unit, implying a baby is either accepted or rejected.
As discussed earlier, there is no waiting space for babies coming to be admitted at any unit. If all cots at the corresponding unit are occupied the baby is transferred elsewhere. 3. The flow from NICU to SCBU is not modelled explicitly. Since babies cared at NICU and discharged to SCBU get the same priority as new requests for admission at SCBU, discharges of babies to SCBU from NICU and new arrivals at SCBU are combined into a single Poisson arrival process. This assumption enables us to make a simplified yet realistic description of the system, and to develop a more tractable model. 4. NICU babies who are in SCBU because of overflow from unit U 1 eventually join unit U 1 at rate γ 1 . Similarly babies who are in TC eventually join unit U 2 at rate γ 2 .
Let X i0 (t) be the number of babies overflowing from unit U i , i = 1, 2, moved to the corresponding overflow unit either U 2 or U 0 at time t, and denote X i (t) the number of babies at unit U i , i = 1, 2, at time t. X = X 1 (t), X 10 (t), X 2 (t), X 20 (t),t ≥ 0 is a continuous-time Markov chain with state space given by
where n i , i = 1, 2, is the number of babies at the ith main unit and n i0 , i = 1, 2, is the number of babies at the ith overflow unit. The transition rates Q = q(n, n ), n, n ∈ S are given by
where I i and I i0 denote ith unit vectors. We are interested in deriving the overflow probability i.e. the probability that an admission request finds all NICU (or SCBU) cots occupied and the rejection probability i.e. the probability that a new arrival finds all cots occupied in both NICU and SCBU (or SCBU and TC). Let π(n) = lim t→∞ P X(t) = n denote the equilibrium distribution that there are n babies in all units. This equilibrium distribution of X is the unique distribution π(n), n ∈ S that satisfies the global balance equation,
normalised such that ∑ n∈S π(n) = 1 and where 1 {·} denotes the indicator function of the event or set {·}, i.e. 1 {·} (n) equals to 1 if n ∈ {·}; 0 otherwise, for n ∈ S. The global balance equation expresses that the transition rate out of a state due to an arrival or discharge of a baby into the neonatal unit is equivalent to the transition rate into that state due to an arrival or discharge of a baby into the neonatal unit.
Estimation of overflow and rejection probabilities
The desired overflow and rejection probabilities can be computed from the equilibrium distribution of the system. 7 
A product form NICU-SCBU system
The local balance equations can be derived from the global balance equation (3),
Equation (4) has an explicit solution which is given by
where ρ i = λ i /µ i is the traffic intensity at unit U i . The proof follows from the observation that the equilibrium distribution (5) is the solution of local balance equations (4) and that any solution to local balance equations (4) must also be a solution to the global balance equation (3) . This equilibrium distribution is a truncated multidimensional Poisson distribution from where overflow and rejection probabilities can be derived. The overflow probability for unit U i , i = 1, 2, is then
where T 1 = n ∈ S|(n 1 = c 1 and n 10 + n 2 ≤ c 2 ) , and T 2 = n ∈ S|(n 10 + n 2 = c 2 and n 20 ≤ c 0 ) .
The rejection probability R i for unit U i , i = 1, 2, can also be computed from equation (6) by substituting T 1 = n ∈ S|(n 1 = c 1 and n 10 + n 2 = c 2 ) , and T 2 = n ∈ S|(n 10 + n 2 = c 2 and n 20 = c 0 ) .
Results
We applied the model developed in the previous section to the case of UCLH. Validation and verification were done with staff at the UCLH perinatal centre. With the existing resources of 12 NICU, 15 SCBU and 8 TC cots, the rejection probability is 0.333 at NICU and 0.056 at SCBU (Table 2 ). The observed probability that an admission request will be rejected from NICU is 0.325 and 0.038 from SCBU. This shows that the model is accurate enough to estimate the rejection probabilities at each level of care in the UCLH perinatal centre and is an improvement over the standard loss network model developed previously by Asaduzzaman and Chaussalet (2008) .
Results for different cot combinations with existing arrival patterns and LoS are derived and shown in Table 3 and 4. Table 3 shows that varying the number of TC cots has little effect on overflow and rejection probabilities at both NICU (O 1 , R 1 ) and SCBU (O 2 , R 2 ). This confirms that the solution to the overflow and rejection problems in the neonatal unit is not to add more TC cots, but must be to increase cot capacity at SCBU and NICU. In Table 4 overflow and rejection probabilities are presented for different combinations of NICU and SCBU cots keeping the number of TC cots fixed at 8. As the number of cots increases the rejection probability decreases. With 17 NICU, 16 SCBU and 8 TC cots, rejection probabilities are 0.1513 from NICU and 0.0492 from SCBU. With 18 NICU, 18 SCBU and 8 TC cots, 10% admission requests would be rejected from NICU and less than 3% from SCBU.
The NCLPN has the basic aim to provide all levels of care for 95% of mothers and babies within the network area where they live. The huge overflow and rejection levels at NICU derived from the model confirm the network is struggling to cope with demand with its current cot capacity. Furthermore the model reveals that capacity will have to increase significantly before the 95% target is achieved. 9 Note however that increasing the number of cots at SCBU or TC can only reduce rejection of admissions but does not ensure quality of care. Therefore, while planning capacity allocation for a perinatal centre one should aim at keeping the expected overflow to SCBU from NICU for NICU babies and from SCBU to TC for SCBU babies to a minimum.
Conclusion and further research
All recent studies of neonatal care networks in the UK suggest that capacity is now a burning issue. It is claimed that capacity needs to be expanded immediately for most neonatal units in the UK. But the cost involved in running neonatal cots is very high because of the sophisticated equipment and highly skilled staff required. At NICU, one nurse is required per occupied cot. Therefore, expanding capacity can only be limited. On the other hand, transfer of babies between units due to capacity shortage is a major concern since it incurs risk and cost. Quality of care is another issue.
In this paper, we have developed a capacity planning tool based on loss queueing networks to study the impact of cot allocation to all care categories on admission rejection and overflow to temporary care. The work has been done in collaboration with the NCLPN where UCLH is the perinatal network centre. Network management reviews cot capacity once a year, including capacity of individual neonatal units based on measures such as the level of rejection and overflow of babies. Results showed that one in three admissions were rejected from NICU while one in twenty admissions were rejected from SCBU. The model also suggests that a marginal increase of the number of cots will be sufficient at SCBU to reduce admission rejection to less than 5%, but a substantial number of extra cots is required at NICU to reduce rejection to less than 10%. The proposed overflow model takes into account the absence of waiting facility in the perinatal centre and gives us an estimate of the capacity required for pre-specified performance levels. Performance was measured on the basis of the proportion of babies overflowing to temporary care and babies rejected from the perinatal centre. Using overflow and rejection probabilities, optimal cot capacity can be determined. The model derived for UCLH with two main units and TC, can easily be generalised for any other perinatal centre with three main units and TC. Although overflow from SCBU to NICU was not observed for the UCLH perinatal centre during 2006, it may occur in future years or in other centres and will be investigated in the future. The assumption of Poisson arrivals may be sometimes impractical and difficult to support. This issue will also be the focus of further research, where alternative non-Poisson arrivals will be considered. Relaxing assumptions on arrivals, LoS patterns, and flows will inevitably complicate and possibly prevent the derivation of closed form solutions using a queueing theory approach. Simulation models will be developed to cope with this increasing complexity.
